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A solid shell element model is proposed for the elastic bifurcation buckling analysis of
double-walled carbon nanotubes DWCNTs under axial compression. The solid shell element
allows for the effect of transverse shear deformation which becomes significant in a stocky DWCNT
with relatively small radius-to-thickness ratio. The van der Waals vdW interaction between the
adjacent walls is simulated by linear springs. Using this solid shell element model, the critical
buckling strains of DWCNTs with various boundary conditions are obtained and compared with
molecular dynamics results and those obtained by other existing shell and beam models. The results
obtained show that the solid shell element is able to model DWCNTs rather well, with the
appropriate choice of Young’s modulus, tube thickness, and spring constant for modeling the vdW
forces. © 2006 American Institute of Physics. DOI: 10.1063/1.2202108
I. INTRODUCTION
Carbon nanotubes CNTs have been observed to possess
superior mechanical strength and flexibility as well as good
electronic properties over traditional materials such as
steel.1–5 CNTs may be classified as single-walled carbon
nanotube SWCNT, double-walled carbon nanotube
DWCNT, and multiwalled carbon nanotube MWCNT.
Recently, it was reported that the physical properties of
purely produced DWCNTs are superior to those of SWCNTs
and MWCNTs.6 Their potential applications such as nano-
probes, nanotweezers, nanowires, nanotube bicables, and re-
inforcing fibers in composite materials have attracted many
researchers to investigate their properties and behavior ex-
tensively using experiments and theoretical modeling that
includes atomistic and continuum mechanics modeling. It is
well known that conducting experiments at a nanoscale level
poses huge difficulties. On the other hand, atomistic model-
ing and simulations such as molecular dynamics MD and
density functional theory DFT are very time consuming
and computationally expensive for a large-scale system and
thus limit the practical applications of these atomistic mod-
eling techniques.7–9 In order to overcome the limitation of
atomic simulations, continuum mechanics modeling is zeal-
ously pursued. It is not surprising then that so many different
continuum mechanics models have been proposed and ap-
plied for the mechanical analysis of CNTs.
Yakobson et al.7 applied continuum mechanics model to
CNTs. They studied the buckling problem of a SWCNT us-
ing MD simulation and compared the simulation results with
those obtained by using a simple continuum shell model.
Remarkably, it was found that the continuum shell model can
predict the buckling properties of SWCNT satisfactorily.
This discovery is indeed good news to CNT researchers.
Noid and co-workers10,11 have also made important contribu-
tions to the application of the continuum mechanics method
in the analysis of CNTs.
The analogousness of the cylindrical shell model and
CNTs leads to the extensive application of the shell model
for CNT analyses. It is verified that the mechanical responses
of CNTs can be efficiently and reasonably predicted by the
shell model provided that the parameters, such as Young’s
modulus and effective wall thickness, are judiciously
adopted.
Experiments have shown that buckling of CNTs is the
dominant failure mode12 and this has sparked off a lot of
studies on bifurcation buckling and postbuckling of CNTs.
Ru12–15 has conducted extensive research on CNT by using
the elastic shell model. His contribution lies in redefining
some mechanical parameters’ relationship for their applica-
tions in CNT modeling and analysis.13 Ru also studied the
buckling of DWCNTs under various load conditions by
adopting the cylindrical thin shell model based on the Don-
nell shell equations.14,15 It was pointed out by Liew et al.9
that the critical strain of the DWCNT is determined by the
inner tube with a lower buckling strength when the initial
pressure is zero and van der Waals vdW constant c is posi-
tive.
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The resultant critical strain may be erroneous due to the
oversimplification of his cylindrical shell model. Wang
et al.16,17 extended Ru’s work to MWCNTs. Shen18 devel-
oped a model based on the Donnell equations and incorpo-
rated the effect of transverse shear deformation. However,
the formulation is rather complicated and may not be easy
for engineers to use when analyzing the buckling behavior
of CNTs. He et al.19 investigated the effect of vdW forces
of MWCNTs between different layers and concluded that
when the innermost radius of MWCNTs is relatively small
7 nm or relatively large 40 nm, the vdW force con-
stant c may be considered to be independent of the tube
radius. Kitipornchai et al.20 extended their continuum shell
model to account for the vdW forces between any two tubes
in studying the buckling behavior of triple-walled CNTs un-
der compression. Liew et al.9 studied the buckling phenom-
ena of SWCNT, DWCNT, and MWCNT by MD simulations
and by using the same method, they also investigated the
buckling behavior of CNT bundles under compression.21 Al-
though many research studies have been done on the buck-
ling of CNTs, the effect of vdW forces on the critical buck-
ling strain in DWCNT with various radius-to-thickness
ratios, length-to-radius ratios, and boundary conditions has
not been studied in detail.
The finite element method FEM for continuum me-
chanics is rather mature and now it has been regarded as the
most powerful tool for computer analysis and simulations.
Recently great efforts have been made to extend FEM for the
analysis of CNTs. For example, Liu and Chen22 and Chen
and Liu23 evaluated the effective mechanical properties of
CNT-based composites using a representative volume ele-
ment RVE based on continuum mechanics and the FEM.
Fisher et al.24 developed a model which combines FEM re-
sults and micromechanical methods to predict the effective
reinforcing modulus of a nanotube-reinforced polymer.
Pantano et al.25 proposed an effective continuum/FE ap-
proach for modeling the structure and the deformation of
single- and multiwalled CNTs. The simulation results of me-
chanical behavior of CNTs are in excellent agreement with
MD results that are available in the literature. Furthermore,
FEM is also used to investigate the electrostatics of CNT
field-effect transistors FETs.26 More recently, Sun and
Zhao27 applied molecular-mechanics-based FE approach for
the prediction of stiffness and strength of various types of
SWCNTs.
This paper presents the application of FEM modeling for
the bifurcation buckling analysis of axially loaded DWCNT
by utilizing a proposed solid shell element.28,29 The element
is applicable for both thin and thick shells and it invokes the
assumed natural strain method. The vdW force is simulated
by properly tailored linear springs attached between the
tubes of the DWCNT. The critical buckling strains obtained
by using this solid shell element are compared with MD
results and results calculated from approximate formulas
based on Donnell cylindrical shell theory and beam models
for CNTs. Critical buckling strains for DWCNT with various
end conditions are also presented.
II. MODELING
Shell elements may be classified into two main catego-
ries: 1 exact shell element30–32 and 2 degenerated shell
element.33–35 For the exact shell element, the reduction of
stress components xxyyzzxyyzzx to the force resultant
form NxxNyyMxxMyyMxyQxzQyz is typically carried out ana-
lytically, while for the degenerated shell element it is done
numerically. The hypothesis underlying the two categories of
shell elements is essentially the same. A separate category of
shell elements is the solid shell element which was mooted
by Hauptmann et al.36,37 The solid element does not utilize
the resultant form as traditional shell elements do in the for-
mulation before finite element assembly and therefore is
more accurate in computation but the computational cost is
larger. In modeling the DWCNT, we propose the use of the
relative displacement solid shell element model for the inner
and outer tubes and linear spring elements for the vdW
forces between the inner and outer tubes. The proposed ele-
ment retains the relative displacement degrees of freedom
DOFs to simulate the rotational DOFs. Therefore the con-
sistency between the proposed solid shell element of relative
displacement and traditional shell element is ensured and the
accuracy of solid shell element is ensured too. Figure 1
shows how the solid shell element based on relative displace-
ment concept is derived from a conventional linear solid el-
ement. Conventionally, the linear solid element has eight
nodes denoted by black dots in Fig. 1a, each of which has
three displacement DOFs, i.e., u, v, w. Therefore, the ele-
ment has a total of 24 DOFs. By introducing the reference
plane at the middle plane location as shell theories demand,
the solid element has 12 nodes as shown in Fig. 1b, each of
which has three displacement DOFs which means that there
are 36 DOFs in total. By adopting the basic shell theory
assumption of neglecting the normal strain and incorporating
the relative displacement concept, this transitional solid shell
element has 12 nodes, i.e., 4 nodes at the corners of the top,
middle, and bottom planes as shown in Fig. 1c, but with
only 28 DOFs. The black nodes involve the absolute dis-
placement components u, v, w in the middle plane reference
plane, while the white nodes involve the relative displace-
ment components u, v with respect to the reference plane
black nodes. The absence of w is due to the plane kine-
matics assumption that there is no normal strain. The dis-
placements at top and bottom planes are dependent on each
other due to symmetry. More specifically, the inplane dis-
placements u, v of the top and bottom planes are corre-
spondingly equal in magnitude but opposite in direction.
Hence the transitional element becomes the final solid shell
element as shown in Fig. 1d. The total number of degrees
of freedom is only 20, i.e., the black node at the reference
plane corners has 3 absolute displacement DOFs u, v, w, and
the white node at the top plane has 2 in-plane relative dis-
placement DOFs u, v. This kind of solid shell element
allows for the effect of transverse shear deformation and is
therefore suitable for handling both thin and thick cylindrical
shells.28,29 A brief review of this solid shell element is given
below.
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A. Geometry interpolation
Let X and x be the position vectors of the configuration
before and after deformation, respectively, u the displace-
ment field, r, s, t the natural coordinates, and Nir ,s the two
dimensional linear shape functions. Based on the kinematic
consideration, we have see Fig. 2
X = X0 + X = 
i=1
4
Nir,sXi + t
i=1
4
Nir,sXi,
1
X = Xt − X0,
x = x0 + x = 
i=1
4
Nir,sxi + t
i=1
4
Nir,sxi,
2
x = xt − x0,
u = x − X = u0 + u = 
i=1
4
Nir,sui + t
i=1
4
Nir,sui,
3
u = x − X ,
where X0 and x0 are the locations of the reference surface
between the top and the reference surface before deformation
and after deformation, respectively. X and x are the rela-
tive positions between the top and the reference surface be-
fore and after deformation, respectively, and u0 and u the
translational displacements of the reference surface and the
top surface, respectively.
B. Shape functions
After a linear transformation of the standard isoparamet-
ric shape function of the linear solid element in terms of the
normal direction t, an isoparametric shape function is gener-
ated for the relative displacement solid shell element:
M = N tN , 4
where
N =
1
4
1 + r1 + s 1 − r1 + s 1 − r1 − s 1 + r
1 − s . 5
Therefore, the displacement vector can be written in the fol-
lowing manner:
uv
w
 = M81 0 00 M81 00 0 N41 ui	201, 6
where
ui = u1 u2 u3 u4 u1 u2 u3 u4 v1 v2 v3 v4 v1 v2 v3 v4 w1 w2 w3 w4	T. 7
In the present shell theory, the main assumptions are33 that
“normals” to the middle surface before deformation remain
straight after deformation and the normal stress and strain are
eliminated.
This solid shell element has not invoked the “thinness
assumption” which assumes the Jacobian matrix to be con-
stant in the t direction, so thin shell structures can be also
computed using this solid shell element.
C. Assumed natural strain method
In the natural coordinate system, the shape of an arbi-
trary solid shell element is a unit solid. So it is very easy to
replace transverse shear strains from normal displacement
modes by the assumed natural strain in this coordinate sys-
tem so as to overcome the shear locking problem when the
thickness of the solid shell element approaches zero. With
this assumed natural strain tensor at hand, one can obtain the
physical strains by tensor transformation from the natural
coordinate system to the global Cartesian coordinate and
then to the local coordinate. Thus, the natural strains are
given by
n = rr rs rtsr ss st
rt st tt
 , 8
where
ij =
1
2
u
,i · x,j + x,i · u,j, i, j = r,s,t , 9
where u and x are the displacement and position of a mate-
rial point in the global Cartesian coordinate, respectively.
The transverse shear strain components are then replaced
by the assumed natural transverse shear strain:
˜n = rr rs ˜rtsr ss ˜st
˜rt ˜st tt
 , 10
where
˜rt = 1/2
rt
r=0,s=1 + 
rt
r=0,s=−1
+ s/2
rt
r=0,s=1 − 
rt
r=0,s=−1 ,
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˜tr = 1/2
tr
r=0,s=1 + 
tr
r=0,s=−1
+ s/2
tr
r=0,s=1 − 
tr
r=0,s=−1 ,
11
˜st = 1/2
st
r=1,s=0 + 
st
r=−1,s=0
+ r/2
st
r=1,s=0 − 
st
r=−1,s=0 ,
˜ts = 1/2
ts
r=1,s=0 + 
ts
r=−1,s=0
+ r/2
ts
r=1,s=0 − 
ts
r=−1,s=0 .
In order to evaluate the stiffness matrix, the strains should be
expressed in the local coordinate system. The tensor trans-
formation from the natural coordinate system to the local one
is performed in the following way:
 = r,x s,x t,xr,y s,y t,y
r
,z s,z t,z
rr rs rtsr ss st
rt st tt
r,x r,y r,zs,x s,y s,z
t
,x t,y t,z
 .
12
After the implementation of the assumed natural strain in the
natural coordinate system, the local strains can be expressed
as
˜ = r,x s,x t,xr,y s,y t,y
r
,z s,z t,z
rr rs ˜rtsr ss ˜st
˜rt ˜st tt
r,x r,y r,zs,x s,y s,z
t
,x t,y t,z
 ,
13
where r, s, t are the natural coordinates and x, y, z are the
local coordinates.
After appropriate operations and substitutions, the strain-
displacement relationship can be expressed as
˜ = Bui. 14
The stiffness matrix can be written in the standard manner:
K = 
V
BTDB · dV , 15
where D is the constitutive matrix given by
D = 
E/1 − 2 E/1 − 2 0 0 0
E/1 − 2 E/1 − 2 0 0 0
0 0 G 0 0
0 0 0 	2G 0
0 0 0 0 	2G
 . 16
In Eq. 16, 	2 is the shear correction factor normally taken
as 5/6 and G=E / 21+ is the shear modulus. If one
wishes to switch off the effect of transverse shear deforma-
tion i.e., equivalent to the thin shell theory, a simple tech-
nique is to set a relatively large value for 	2, for example,
	2=50.
Figure 3 illustrates the DWCNT and the proposed solid
shell element. Linear springs are proposed for simulating the
vdW force interaction between the tubes. Note that such lin-
ear spring model is reasonable when considering small dis-
placements and linear elastic behavior in such elastic bifur-
cation buckling problems.12–15 vdW force disappears when
the inner and outer tubes are in equilibrium assumed layer
spacing is 0.34 nm. Correspondingly, the equivalent springs
are in their reference lengths without deformation. Further-
more, when deformation occurs, the vdW force between
tubes is proportional to the difference of the displacements of
the inner and outer tubes, i.e.,
FIG. 1. A solid shell element based on relative displacement concept.
FIG. 2. Kinematics of solid shell element based on relative displacement
concept.
FIG. 3. Modeling scheme of DWCNT by solid shell elements.
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p = cwo − wi . 17
The characteristics of linear springs ensure the simula-
tion of the vdW force phenomenon accurately when the pa-
rameters of linear springs are correctly calculated. The pres-
sures induced by vdW forces on the inner tube and the outer
tube are inversely proportional to their respective radii, i.e.
piRi = − poRo. 18
This condition will be automatically satisfied when the
meshes of the inner and outer tubes are matched as shown in
Fig. 4. Thus, the forces exerted on the inner and outer ele-
ments are kept the same, but the areas of the elements are
proportional to the radii of the cylindrical shells. In other
words, the pressures are inversely proportional to their re-
spective radii. The spring constant k will be defined later see
Eq. 20.
In order to choose correctly the mechanical parameters
for this DWCNT, we should inspect the deformation of
DWNT under loads. In experiments, it is not easy to measure
the main mechanical parameters such as the Young modulus,
the Poisson ratio, and the thickness of the CNT directly.
It is, however, easy to obtain the bending rigidity,
D=Eh3 / 121−2, and in-plane rigidity,C=Eh, with the
generally accepted values of 0.85 eV and 59 eV/at.7,39 But
these two data fail to determine the three independent me-
chanical parameters E, h, and  uniquely. So some research-
ers assume that the representative thickness of CNT is equal
to the spacing between the graphite sheets, i.e., 0.34 nm.
Given the values of bending rigidity D, the in-plane rigidity
C, and by assuming a value for the thickness h, one can
therefore determine E and . However, Yakobson et al.7
pointed out that the thickness value of 0.34 nm cannot be
applied to an elastic cylindrical shell model, because the
shell model is sensitive to the thickness value. Instead, he
suggested that Young’s modulus be revised to 5.5 TPa and
the thickness be taken as 0.066 nm based on their SWCNT
buckling results obtained by MD simulation and the con-
tinuum mechanics shell model. Later Pantano et al.25,39 also
discussed these technical details and gave the respective val-
ues as 4.84 TPa and 0.075 nm. They showed that these two
pairs of values produce little variations in the critical buck-
ling strains when compared with the adopted Young modulus
of 1.06 TPa and thickness as 0.34 nm. The vdW force con-
stant c is calculated from the formula of Saito’s et al. 40
c =
320 ergs/cm2
0.162
,  = 0.142 nm. 19
Based on the formula given in Eq. 19, the simulated linear
spring stiffness constant is given by
k = c
1
2
Ai + Ao , 20
where Ai and Ao are the areas of the middle surfaces of inner
and outer shell elements, respectively. If one wishes to
switch off the effect of vdW forces in the DWCNT, the linear
spring constant k is set to zero. The neglect of the vdW force
implies that the inner tube and the outer tube of the DWCNT
buckle without any interaction with each other.
III. RESULTS AND DISCUSSION
A. Convergence study
The critical buckling strains of a single cylindrical shell
with various mesh designs from coarse to fine meshes are
generated to study the convergence behavior and to establish
the mesh design for implementation in the analysis of carbon
nanotubes using the solid shell element. In Table I, it can be
seen that the buckling strain decreases monotonically with
finer mesh design and the convergence is rather fast. There-
fore we could use a mesh density comprising of 36 elements
in the circumferential direction and 45 elements in the lon-
gitudinal direction for computing the buckling strains of
double-walled carbon nanotubes which are treated below.
B. Comparison with MD results
In order to assess the validity and accuracy of the pro-
posed solid shell element for DWCNT analysis, we shall
compare the results with MD results. Liew et al.9 studied the
buckling phenomena of “single-, two-, three-, and four-
walled nanotubes” with clamped ends by MD simulations. In
TABLE I. Convergence of critical buckling strains of a single cylindrical shell with respect to mesh density.
A cylindrical shell with radius of 1 nm and length of 10 nm.
Elements
in the circumferential
direction
Elements
in the longitudinal
direction
Critical buckling strains of shells
with various boundary conditions
SS-SS SS-C C-C
9 18 0.0326 0.0360 0.0454
18 27 0.0270 0.0294 0.0379
27 36 0.0262 0.0284 0.0364
36 45 0.0259 0.0280 0.0351
FIG. 4. Axial linear springs between shell elements of inner and outer walls.
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their simulations, they adopted the microcanonical NVE
ensemble, which means that the number of atoms N, the
system volume V, and total energy E are kept constant during
the simulation. In the case of DWCNT, Liew et al.9 obtained
buckling loads for various DWCNT radii, namely, 5,5
10,10, 10,10 15,15, 15,15 20,20, and 20,20
25,25 with spacing distance between walls h=0.34 nm
and the tube length 6 nm.
These MD buckling loads are compared with the present
solid shell element results in Table II for four combinations
of outer to inner radii. In computing the critical buckling
loads using the solid shell element, we have used two sets
of Young’s modulus E and wall thickness h. The first set
is recommended by Liew et al.9 where E=1.28 TPa and
h=0.154 nm while the second set is recommended by
Yakobson et al.7 where E=5.5 TPa and h=0.066 nm. In ad-
dition, we have considered the following four types of
clamped ends for continuum cylindrical shell model:41
v = 0, w = 0, dw/dx = 0, C1 condition,
w = 0, dw/dx = 0, C2 condition,
21
u = 0, w = 0, dw/dx = 0, C3 condition,
u = 0, v = 0, w = 0, dw/dx = 0, C4 condition,
in which u, v, and w are the longitudinal, tangential, and
radial displacements, respectively, and x the longitudinal
coordinate.
From Table II, it can be seen that the shell results for
C1- and C2-type clamped ends are rather similar, while the
buckling modes of C3 and C4 clamped ends are similar to
each other. This observation indicates that the tangential
displacement i.e., v restraints at the ends have negligible
effect on the buckling loads. This is also evident from the
sample buckling modes for the four types of clamped bound-
ary conditions as shown in Fig. 5 for case 1 where
Ri=0.34 nm and Ro=0.68 nm.
The shell results with C3- and C4-type clamped ends
using Yakobson’s parameters are closer to the MD results.
Therefore, we shall assume that the clamped condition used
in MD simulation is equivalent to either C3- or C4-type
clamped end. These types of clamped end conditions impose
a constraint on the longitudinal displacement u as oppose to
the other two types C1 and C2 which free u.
Next, we compare the results of C3 and C4 shells ob-
tained from two different sets of E and h with the MD re-
sults. It can be seen that the shell results using Yakobson’s
parameters agree better with the MD results. So we may
conclude that E=5.5 TPa and h=0.066 nm should be
adopted for the present shell model.
Of cases 1 to 4, it can be observed that using C3 or C4
boundary condition and Yakobson’s parameters, the solid
shell model predicts slightly higher buckling loads than MD
simulation, with a maximum difference of approximately
5%. In case 1, the buckling mode is that of a global beam
mode while local buckling occurs for cases 2 to 4. In cases 3
and 4, the critical loads are quite close, which can be ex-
plained by the SWCNT formula. Yakobson et al.7 pointed
out that the approximate local buckling critical strain for a
short SWCNT is
TABLE II. Comparison of buckling strains obtained using present solid shell model and MD simulation for DWCNT with length of 6 nm.
Case
Ri
nm
R0
nm
Critical buckling loads 10−7 N
MD
resultsa
Based on present solid shell model
with clamped ends and assuming
E=1.28 TPa and h=0.154 nm of Liew et al.
Based on present solid shell model
with clamped ends and assuming
E=5.5 TPa and h=0.066 nm of Yakobson et al.
C1 C2 C3 C4 C1 C2 C3 C4
1 0.34 0.68 1.72 0.54 0.53 1.29 1.29 1.12 1.09 1.74 1.74
2 0.68 1.02 2.02 1.64 1.58 1.75 1.75 1.82 1.74 2.05 2.02
3 1.02 1.36 2.09 1.71 1.62 1.97 1.97 1.68 1.65 2.15 2.18
4 1.36 1.70 2.10 1.63 1.63 2.24 2.24 2.21 2.12 2.21 2.21
aReference 9.
FIG. 5. Buckling modes of DWCNT with four types of clamped ends.
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c =
0.077 nm
d
, 22
where d is the diameter of a SWCNT in nanometers. In this
case, the cross sectional area can be approximated by
A = 
dh , 23
where h is the thickness of the wall. So the critical loads
should be
Pcr = EcA = 0.077nm*E 
h . 24
The critical load from Eq. 24 is independent of the diam-
eter d of SWCNT, which is observed in cases 3 and 4 of
Table II. So it is reasonable to expect the critical loads of
cases 3 and 4 to be almost the same. More studies may have
to be carried out to study the local buckling phenomenon and
to calibrate the solid shell element properties but this is not
possible at this stage due to the lack of adequate MD results.
C. Parametric study
In the present model, the critical buckling strains of
DWCNTs depend on two key parameters, namely, the radius-
to-thickness ratio Ri /h and the length-to-radius ratio L /Ri.
Thus, in the parametric study, we shall consider DWCNT
where 1 the radius-to-thickness ratio Ri /h ranges from 3 to
150 for a given length-to-radius ratio L /Ri=10 and 2 the
length-to-radius ratio ranges from 5 to 100 for a given inner
wall radius Ri=0.4 nm. Referring to Yakobson’s paper,7 the
following modeling parameters are adopted: the Young
modulus=5.5 TPa, the Poisson ratio=0.19, and the tube
thickness h=0.066 nm. The considered inner tube radius
ranges from 0.2 to 1.0 nm and the length-to-inner radius ra-
tio L /Ri=10. An axial unit load is uniformly applied at the
ends of DWCNT.
The mesh design consists of 36 elements in the circum-
ferential direction and 45n elements in the longitudinal di-
rection, where n is the ratio of the tube length to basic model
length. The basic model length is ten times that of the inner
tube radius. This fine mesh design, based on the convergence
study, is necessary for accurate buckling solutions and for the
display of the buckling modes as shown in Fig. 6. The criti-
cal strains of a DWCNT with and without the vdW force for
three different end conditions i.e., both ends simply sup-
ported, one end simply supported and the other clamped, and
both ends clamped have been calculated. It should be noted
that the simply supported SS end means that u=0, v=0,
w=0 while the clamped C end which coincides with
the C4 clamped end in Eq. 21 implies u=0, v=0, w=0,
dw /dx=0, where u, v, and w are the longitudinal, tangential,
and radial displacements, respectively, and x is the longitu-
dinal coordinate. The critical strains are presented in Tables
III–VIII. In the table captions, L is the length of the nanotube
and Ri the radius of the inner tube.
In Table III, the results of the present model are com-
pared with those obtained by using Ru’s shell model. Note
that the critical buckling strain in Ru’s model is actually the
critical strain of a single outer tube without the effect of the
vdW force from the inner tube. Therefore, Ru’s solution is
only valid when the radius of the inner tube is in the range of
6–10 nm as shown in Fig. 7. Under the same conditions, the
critical strains predicted by the thin shell model are higher
than those by Ru’s model when the radii of DWCNT de-
crease. This is because the assumptions in the present finite
element shell model are not as strict as those in Ru’s model
which is based on the Donnell shell theory. For instance, the
maximum difference of the results between the thin shell
element model and Ru’s shell model is 17.2% when the inner
tube radius is 0.2 nm. On the other hand, the effect of vdW
forces can only be negligible when the radius of the inner
tube is also in the range of 6–10 nm. When the radius of the
inner tube decreases, and the radius-to-thickness ratio Ri /h is
less than 30, the effect of vdW forces on the critical strain is
significant. For example the critical buckling strain is de-
creased by 43.2% when the radius of the inner tube is
0.2 nm. Interestingly, Ru’s shell model predicts the critical
strains well. A possible reason is that by omitting the effect
of vdW forces, the critical strain is overestimated. But this
overestimation is compensated by his assumption that all
terms proportional to R1−R2 /R1 are small and hence ne-
glected which leads to an underestimation of the critical
strain.
As shown in Tables III, V, and VII and Figs. 8–10, when
the inner tube radius decreases, the effect of vdW forces on
the critical strain becomes more significant the percentage
differences are 35.3% in the thick shell case and 43.2% in
the thin shell case when the inner tube radius is 0.2 nm with
simply supported ends. As expected, the critical buckling
strain predicted by the thick shell model is lower than that by
the thin shell model with a maximum error of 20% when the
inner tube radius is 0.2 nm. The lower buckling strain in the
thick shell model is due to the effect of the transverse shear
deformation being significant when the cylinder shell is
stocky with L /Ri=10 and Ri /h=3 where Ri is the radius of
the inner tube.
FIG. 6. Typical local buckling mode a and global buckling mode b of
DWCNT.
114317-7 Wang et al. J. Appl. Phys. 99, 114317 2006
TABLE III. Critical buckling strains for various radii of SS-SS DWCNT with L /Ri=10.
Inner radius
Ri nm Ri /h
Critical buckling strains
Thick shell model Thin shell model
Ru’s shell
model
Eq. A1With vdW
Without
vdWc=0 With vdW
Without
vdWc=0
0.2 3 0.0715 0.0463 0.0855 0.0485 0.0729
0.4 6 0.0555 0.0329 0.0608 0.0339 0.0532
0.8 12 0.0323 0.0214 0.0347 0.0219 0.0345
1.0 15 0.0261 0.0181 0.0266 0.0184 0.0294
2.0 18 0.0116 0.0105 0.0117 0.0107 0.0168
4.0 36 0.0068 0.0069 0.0069 0.0070 0.0091
8.0 73 0.0047 0.0045 0.0053 0.0045 0.0047
10.0 150 0.0035 0.0033 0.0039 0.0033 0.0038
TABLE IV. Critical buckling strains for various lengths of SS-SS DWCNT with Ri=0.4 nm.
Length
L nm L /Ri
Critical buckling strains
Thick shell model Thin shell model
Euler column
model Eq. A4 Ru’s
shell
model
Eq. A1
With
vdW
Without
vdWc=0
With
vdW
Without
vdWc=0
With
vdW
Without
vdWc=0
2 5 0.0553 0.0473 0.0603 0.0516 0.5091 0.1987 0.0532
4 10 0.0555 0.0329 0.0608 0.0339 0.1273 0.0497 0.0532
8 20 0.0276 0.0117 0.0281 0.0121 0.0318 0.0124 0.0532
16 40 0.0076 0.0030 0.0077 0.0031 0.0080 0.0031 0.0532
24 60 0.0034 0.0014 0.0035 0.0014 0.0035 0.0014 0.0532
32 80 0.0020 0.0008 0.0020 0.0008 0.0020 0.0008 0.0532
40 100 0.0013 0.0005 0.0013 0.0005 0.0013 0.0005 0.0532
TABLE V. Critical buckling strains for various radii of SS-C DWCNT with L /Ri=10.
Inner radius
Ri nm Ri /h
Critical buckling strains
Thick shell model Thin shell model
With vdW
Without
vdWc=0 With vdW
Without
vdWc=0
0.2 3 0.0715 0.0586 0.0864 0.0637
0.4 6 0.0549 0.0408 0.0645 0.0433
0.8 12 0.0333 0.0270 0.0351 0.0282
1.0 15 0.0273 0.0234 0.0285 0.0243
2.0 18 0.0157 0.0151 0.0161 0.0157
4.0 36 0.0091 0.0088 0.0092 0.0089
8.0 73 0.0050 0.0049 0.0050 0.0049
10.0 150 0.0041 0.0040 0.0041 0.0040
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TABLE VI. Critical buckling strains for various lengths of SS-C DWCNT with Ri=0.4.
Length
L nm L /Ri
Critical buckling strains
Thick shell model Thin shell model
Euler column model
Eq. A5
With
vdW
Without
vdWc=0
With
vdW
Without
vdWc=0
With
vdW
Without
vdWc=0
2 5 0.0555 0.0481 0.0736 0.0557 1.0391 0.3975
4 10 0.0549 0.0408 0.0645 0.0433 0.2598 0.0994
8 20 0.0486 0.0228 0.0498 0.0236 0.0649 0.0248
16 40 0.0149 0.0061 0.0151 0.0063 0.0162 0.0062
24 60 0.0069 0.0028 0.0070 0.0028 0.0072 0.0028
32 80 0.0039 0.0016 0.0040 0.0016 0.0041 0.0016
40 100 0.0025 0.0010 0.0026 0.0010 0.0026 0.0010
TABLE VII. Critical buckling strains for various radii of C-C DWCNT with L /Ri=10.
Inner radius
Ri nm Ri /h
Critical buckling strains
Thick shell model Thin shell model
With vdW
Without
vdWc=0 With vdW
Without
vdWc=0
0.2 3 0.0732 0.0686 0.0922 0.0840
0.4 6 0.0563 0.0485 0.0746 0.0583
0.8 12 0.0386 0.0323 0.0460 0.0372
1.0 15 0.0324 0.0280 0.0372 0.0314
2.0 18 0.0187 0.0172 0.0198 0.0182
4.0 36 0.0102 0.0098 0.0105 0.0101
8.0 73 0.0057 0.0056 0.0057 0.0057
10.0 150 0.0047 0.0046 0.0047 0.0046
TABLE VIII. Critical buckling strains for various lengths of C-C DWCNT with Ri=0.4.
Length
L
nm L /Ri
Critical buckling strains
Thick shell model Thin shell model
Euler column model
Eq. A6
With
vdW
Without
vdWc=0
With
vdW
Without
vdWc=0
With
vdW
Without
vdWc=0
2 5 0.0579 0.0518 0.0798 0.0697 2.0365 0.7949
4 10 0.0563 0.0485 0.0746 0.0583 0.5091 0.1987
8 20 0.0556 0.0409 0.0642 0.0434 0.1273 0.0497
16 40 0.0277 0.0118 0.0283 0.0122 0.0318 0.0124
24 60 0.0132 0.0054 0.0134 0.0055 0.0141 0.0055
32 80 0.0076 0.0030 0.0077 0.0031 0.0080 0.0031
40 100 0.0049 0.0020 0.0050 0.0020 0.0051 0.0020
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When the vdW force is taken into consideration, the
boundary conditions have little effect on the critical strain
values. As shown in Tables III, V, and VII and Fig. 11, the
critical strain curves for shells with various boundary condi-
tions are close to each other with a maximum difference of
2.3%. When the vdW force is neglected, the effect of differ-
ent boundary conditions on the critical strains is significant,
with a maximum difference of 7.3% when the inner tube
radius is 0.2 nm. On the other hand, the Euler column model
shows that the critical strain of a slender column with simply
supported ends is four times of that with clamped ends.38 The
results in Tables IV and VI also confirm this trend. When the
length-to-radius ratio L /Ri is 100, the critical strain for a
clamped DWCNT obtained by the thick shell model in the
presence of vdW force is 0.4940, which is 3.943 times of the
corresponding value, 0.1253, for a simply supported
DWCNT. It is worth noting that the critical strain obtained
by the cylindrical shell model approaches the critical strain
predicted by the beam model when length-to-radius ratio is
large, i.e., when the DWCNT is slender.
As shown in Table IV and Fig. 12, Ru’s shell model is
applicable only when the length-to-radius ratio is less than
15, while the Euler column model is applicable when the
ratio is larger than 20. It can be observed from Table IV and
Fig. 12 that the critical strains predicted by the thick shell
model are slightly lower than those by the thin shell model.
This is because the thick shell model incorporates the effect
of transverse shear deformation and therefore makes the
structure more flexible. It can also be observed from Table
IV and Fig. 12 that when the length-to-radius ratio is greater
than 20, the critical strains predicted by the Euler column
model with and without vdW forces are very close to the
values predicted by the shell models, the maximum differ-
ence between the Euler column and the thin shell model is
3.59%. The FEM shell model is thus applicable for very
stocky to very slender CNTs. This merit can be utilized
to design a CNT structure, for example, nanometer-scale
devices and sensors, when the length-to-radius ratio is
indefinite.
IV. CONCLUSIONS
This paper presents the application of FEM modeling for
the bifurcation buckling analysis of axially loaded DWCNT
by utilizing a proposed solid shell element. The shell element
is applicable for both thin and thick shells by invoking the
assumed natural strain method. The vdW force is simulated
by properly tailored linear springs attached between the
tubes of DWCNTs.
FIG. 7. Comparison of thin shell FEM model and Ru’s model.
FIG. 8. Comparison of thin shell FEM model and thick shell FEM model
with simply supported ends.
FIG. 9. Comparison of thin shell FEM model and thick shell FEM model
with simply supported and clamped ends.
FIG. 10. Comparison of thin shell FEM model and thick shell FEM model
with clamped ends.
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Based on the research findings, the following conclu-
sions may be drawn.
1 Critical buckling loads computed from the finite ele-
ment shell model for the DWCNT with various clamped end
conditions have been compared with the MD simulation re-
sults, indicating that the clamped condition for MD simula-
tion is similar to the hard clamped support condition. The
results from the finite shell model agree well with the MD
results, provided that the clamped ends are taken as C3 or C4
type of clamped condition see Eq. 21 and the Young
modulus and the tube thickness are taken as 5.5 TPa and
0.066 nm, respectively.
2 vdW forces have a significant effect on the critical
buckling strain when the radius-to-thickness ratio is smaller
than 30. For such DWCNT dimensions, the effect of bound-
ary conditions on the buckling strain is rather small. When
the radius-to-thickness ratio Ri /h is greater than 30, the ef-
fect of vdW forces on the buckling strain is not significant
but the effect of boundary conditions becomes significant.
3 The use of solid shell elements is better than
thin shell elements when the DWCNT is stocky L /Ri
15 because of the significant effect of transverse shear
deformation.
4 FEM shell model has a longer range applicability for
mechanical response of CNTs when compared with existing
Ru’s shell model which is based on the simplified Donnell
shell equations.
APPENDIX: CRITICAL BUCKLING STRAIN
FORMULAS
Based on Donnell’s shell theory, Ru14 obtained the fol-
lowing formula for evaluating the critical buckling strain of a
simply supported, axially loaded DWCNT:
cr = −
N
Eh
=
D
Eh

2
m2L2
m2 + o
22 +
m2L2

2Ro
2m2 + o
22
+
L2
m2
2
 cEh − cEh2 +  n2P0EhRo2
2 ,
A1
o =
nL

Ro
,
where D=Eh3 / 121−2 is the bending rigidity, E is the
Young modulus, h is the thickness of a tube, m is the axial
half wave number, n is the circumferential wave number, L is
the length of the tube, Ro is the radius of the outer tube the
radius of the inner tube is Ro− t, where t is the spacing be-
tween tubes and is assumed to be 0.34 nm, c is the vdW
constant, and P0 is the initial pressure between tubes note
that P0=0 for the present work since the initial pressure be-
tween tubes is assumed to be zero.
Based on the Timoshenko shell model for a short cylin-
der satisfying 
R /L22R31−2 /h, the critical buck-
ling strain is given by Timoshenko38 as follows:
cr =
D
E m
2
2
hL2
+
E
R2D
L2
m2
2
 , A2
crmin =
h
R31 − 2
, A3
where  is the Poisson ratio and R is the radius of the cylin-
drical shell.
The critical buckling strain for an Euler column38 is
given as
cr =

2I
AL2
for simply supported ends , A4
cr =

2I
A0.7L2
for simply supported, clamped ends ,
A5
cr =

2I
A0.5L2
for clamped ends , A6
where A is the cross sectional area and I= 
 /4R+h /24
− R−h /24 is the second moment of tube of thickness h and
radius R.
FIG. 11. Effect of boundary conditions on critical strains.
FIG. 12. Effect of length-to-radius ratio on critical strains.
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